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Abstract
We propose the following criterion for comparing two portfolios: Portfolio
A is better in probability than portfolio B, whenever P (ρa > ρb) > 1/2, where
ρa and ρb stand for the random returns of portfolio A and B, respectively.
This criterion is both straightforward to interpret by the practitioner, attrac-
tive to the investor and, furthermore, it is not implied the popular criteria of
comparison which involve a function of the corresponding expected return and
volatility of each portfolio, such as the Sharpe ratio and the certainty-equivalent
return, or those that depend on the tail of the distribution, such as value at
risk. Moreover, another advantage of this criterion, when compared to the ex-
isting popular criteria, is that it takes into consideration the joint probability
distribution of the corresponding portfolio returns.
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1 Introduction
Modern portfolio theory began when proper models for the trade-off between risk
and return were stated as an optimization problem. According to a seminal pro-
posal, initiated by Markowitz in the mid 1950’s, one possible way to choose optimal
portfolio weights consists in minimizing the variance subject to a return constraint.
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Such choice makes risk minimal for a given expected return. Analogously, another
approach would be to select weights that maximize the expected return subject to a
variance constraint. In this sense, we can view Markowitz’s theory as a criterion for
determining which portfolio is better when they have either the same variance or the
same expected return. What happens if the two portfolios in question do not share
the same expected return nor the same variance? Which one is better? The latter
question is not readily answered in the context of Markowitz’s theory, although many
criteria have been proposed and currently used in the literature, including the com-
parison of their respective Sharpe ratios, the certainty-equivalent return and other
functions of both the expected return and the volatility, which increase when the
expected return increases and decrease when the volatility increases. These tools
have been used recently to show that some heuristic procedures in the construction of
portfolios seem to outperform more sophisticated ones. By sophisticated it is meant,
and we follow that usage, portfolios which are built up using some optimality crite-
ria. See, for example, the articles of Bera and Park (2008), DeMiguel, Garlappi and
Uppal (2009), Ernst, Thompson and Miao (2017), Fernandez and Fernandez Acin
(2018), Kirby and Ostdiek (2012), to name a few. Consider, as well, the iconoclastic
article by Thompson, Baggett, Wojciechowski and Williams (2006) for critiques to
the Markowitz methodology. Their comments can probably be extrapolated to many
a portfolio choice methodology.
We know that there are serious issues in Markowitz’s proposal, such as volatility
not being a satisfactory measure of risk and, perhaps more importantly, the fact that
the parameters of the model are not known and they have to be estimated. See,
for instance, the numerical analysis carried in Michaud (1989) that gives tangible
evidence of the so-called “error-maximization effect” when estimating parameters in
this model. It is clear that obtaining good estimates of these parameters is of great
importance, but we will not address these issues in the present article, as we prefer
to concentrate on the theoretical questions instead. The study of good estimates is
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currently the focus of many research papers (see, for example, Lang, Xing and Chen
(2011) for an in-depth treatment of this problem).
Despite these strong arguments, Markowitz’s theory remains an elegant model
which is very simple to use and where ideas can be easily understood. For instance, if
the expected return of the naive portfolio is rn, then the Markowitz optimal portfolio
which has expected return equal to rn has a smaller volatility. Thus in terms of
risk-expected return trade-off, it is easy to see that Markowitz’s procedure yields a
better portfolio. Thus, our aim in the present paper is to use Markowitz’s model as
a background framework in which to test our comparison criterion.
Our proposed criterion for portfolio comparison is stated as follows:
Comparison criterion. Let ρa and ρb stand for the random returns of porfolio A
and B, respectively. We say that portfolio A is better in probability than portfolio B,
whenever
P (ρa > ρb) > 1/2
that is, the realized returns of portfolio A exceeds those of portfolio B more than half
of the time.
Note that this criterion does not explicitly depend upon the trade-off between risk
and expected return used to design the particular portfolios. However, it does consider
the joint probability distribution of the portfolio returns, which is not taken into
consideration in many popular criteria of portfolio comparison. Also, our proposed
criterion is based on realized returns, not on expected returns. We believe that its
simplicity is a key element in understanding why some portfolios may outperform
others.
In the remainder of this section we introduce some notation and recall some basic
facts about the market line. In Section 2, we examine under what conditions portfolio
A is better in probability than portfolio B when both portfolios are located on the
market line. In Section 3, we compare portfolios without a risk free asset on the
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efficient boundary, which is a key byproduct of the Markowitz proposal. The com-
parison is carried out using a simple representation for such portfolios obtained from
Markowitz’s procedure. In Section 4, we consider the special case of elliptical distri-
butions. There we shall see that, if the rate of return of the assets could be described
by an elliptical random vector, the comparison could be settled analytically along the
lines described in Section 2.
1.1 The market line
We consider an investor who wishes to distribute an initial capital among n assets for
a fixed period of time, which we will take to be t = 1. The prices of these assets are
known at time t = 0 and are given by S0(0), S1(0), . . . , Sn(0).We assume that S0(0) is
the price of a risk free asset, which at time t = 1 has price S0(1) = (1+ r0)S0(0) and,
at time t = 1, all the other assets are modeled by random variables. The statistical
behavior of these random variables is incorporated into their rates of return ρi : i =
1, ..., n which relate to the future unobserved random prices by Si(1) = (1 + ρi)Si(0).
We assume that the expected returns ri = E[ρi] and the covariances σi,j = E
[
(ρi−
ri)(ρi − rj)
]
are perfectly known.
As usual, a portfolio w is a collection of weights (w1..., wn) describing the fraction
of the investor’s capital allocated to the i-th asset. Markowitz’s idea was to associate,
to each w, a point (σ(w), r(w)) in a risk-return (σ, r)-plane:
σ(w) =
(
wtΣw
)1/2
and r(w) = rtw,
where the superscript t stands for transpose and Σ = (σi,j)1≤i,j,≤n denotes the covari-
ance matrix. The image of the mapping w → (σ(w), r(w)) determines the feasible
risk-return domain. With all this, the random portfolio optimization problem consists
of determining weights such that σ(w) is minimal subject to a “desired” return con-
straint rtw = r and the consistency constraint 1tw = 1. Once this problem is solved,
we obtain a feasible domain which is bounded by a hyperbola in the (σ, r)-plane called
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the efficient boundary. It follows that any point in this boundary can be obtained by
appropriately weighting two preassigned points (portfolios) in this boundary.
To take the risk free asset into account is a routine mater. The outcome of the
process is the existence of a distinguished point (σM , rM) in the efficient boundary,
called the market portfolio, and a line going from the risk free asset, represented by
(0, r0), to (σM , rm), called the market line. Any efficient portfolio of desired return r
is obtained by determining a weight α so that r = (1− α)r0 + αrM . In this case, the
risk assumed by the investor that chooses this portfolio is |α|σM . It is left up to the
investor to decide how much return does she/he wants to trade-off for risk, but no
criterion for comparing two such portfolios is provided.
This theory has many spin-offs. The main motivations behind them go in two
directions: First, to consider better measures of risk than the standard deviation;
and second, the optimality criterion, as for example in the safety first proposals (see,
for example, Prigent (2007)).
2 Portfolio comparison on the market line
On the market line we have only one random asset, the market portfolio with random
return ρM , and “coordinates” (σM , rM) in the risk-return plane, and a zero risk port-
folio, with coordinates (0, r0). We shall consider two portfolios with random returns
ρ1 = (1− α1)r0 + α1ρM , and ρ2 = (1− α2)r0 + α2ρM .
Here we come up against the question of how to compare these two portfolios?. For
the sake of clarity, we will assume that 0 ≤ α1 < α2 ≤ 1.
Notice that any two portfolios on the market line have the same Sharpe ratio.
However, our proposed criterion is able to establish preferences among portfolios on
the market line that do not always depend on which portfolio has a larger expected
return (see 3).
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Notice that
P (ρ1 > ρ2) = P
(
(α2 − α1)r0 > (α2 − α1)ρM
)
.
Since α2 > α1, then
P (ρ1 > ρ2) = P
(
ρM < r0) (1)
independently of the actual value of the weights.
In other words, the probability of portfolio 1 being better than portfolio 2, under
this criterion, relies solely on both the sign of the quantity α2 − α1, and on how
large P (ρM > r0) actually is. As an example, according to this criterion, the naive
portfolio
ρN =
1
2
(r0 + ρM)
will be preferred over any portfolio ρ = (1 − α)r0 + αρM with α < 1/2 as long as
P (ρM < r0) > 1/2.
More importantly, notice that it is possible for
• E[ρM ] > r0 and
• P (ρM < r0) > 1/2
to hold simultaneously. For instance, suppose that the price of the market asset is
described by a lognormal random variable. This implies that
ρM = exp(m+ vZ)− 1, with Z ∼ N(0, 1). (2)
Then, clearly
P (ρM < r0) = P
(
Z <
ln(1 + r0)−m
v
)
>
1
2
as well as
E
[
em+vZ − 1
]
> r0 ⇔ m+
v2
2
> ln(1 + r0)
may hold simultaneously by adjusting m and v in such a way as to guarantee that
m < ln(1 + r0) < m+
v2
2
. (3)
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3 Portfolio comparison on the efficient boundary
In this section, we consider the situation in which portfolios are built using only risky
assets. As a consequence of Markowitz procedure, there exist two portfolios, with
random returns denoted by ρ1 and ρ0 respectively, such that:
1. The expected value of ρ1 is 1 and the expected value of ρ0 is 0.
2. The return ρ of any portfolio on the efficient boundary that has expected return
r, can be written as the random variable
ρ = rρ1 + ρ0 (4)
where r ≥ 0.
Let us now consider two portfolios on the efficient boundary, with expected returns
r1 and r2. For simplicity, assume that r1 > r2. We now compare the portfolios with
random returns
ρr1 = r1ρ1 + ρ0, and ρr2 = r2ρ1 + ρ0.
A simple computation shows that, as long as r1 > r2 and P (ρ1 > 0) > 1/2,
P (ρr1 > ρr2) = P (ρ1 > 0). (5)
independently of the value of the weights and of the covariance between ρ1 and ρ0.
Thus, if r1 > r2 and P (ρ1 > 0) > 1/2, the portfolio with rate of return r1 is better than
the portfolio with return r2. Otherwise, the later is better that the former. Notice,
once again, that equation(5) holds regardless of the volatilities of the portfolios. A
complete analysis should include information on the corresponding risks involved.
4 Porfolio comparison when their joint distribu-
tion is elliptical
A similar comparison is possible when the vector of random returns is an elliptically
distributed random variable. See Muirhead (1982) for details about elliptical distri-
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butions. The setup here is as general as possible. We suppose that we are to configure
portfolios out of a collection of N assets, and the statistical information about them
can be modeled as:
ρ = r +AX
where X is a random vector with a centered spherically symmetric distribution with
finite covariance matrix, r is the expected value of the vector of returns ρ, and A
is some invertible matrix. The spherically symmetric random vector X has density
f(x) = φ(〈x,x〉) for some appropriate function φ : [0,∞) → [0,∞). As usual,
〈x,y〉 = xty is the standard inner product in RN .
Let w1,w2 ∈ R
N denote two possible portfolios, and the reader might as well
suppose that w2 = u/N, where u is the vector with all components equal to 1. If
we want to compare the realized returns of these portfolios, we need to compute the
probability
P (〈w1,ρ〉 > 〈w2,ρ〉) = P (〈(w1 −w2),AX〉 > 〈w2, r〉 − 〈w1, r〉).
Denote by σ(w1,w2) the standard deviation of the centered random variable
〈(w1 −w2),AX〉, and by Z(w1,w2) its standardized version. Observe that
P
(
〈w1,ρ〉 > 〈w2,ρ〉
)
= P
(
Z(w1,w2) >
〈w2, r〉 − 〈w1, r〉
σ(w1,w2)
)
On putting ξ = At(w1 −w2)/σ(w1,w2), we rewrite the identity as
P
(
〈w1,ρ〉 > 〈w2,ρ〉
)
= P
(
〈ξ,X〉 >
〈w2, r〉 − 〈w1, r〉
σ(w1,w2)
)
Since X is a spherically symmetric random vector, in order to decide whether the
right hand side of the last identity is larger or smaller than 1/2, all we need to verify is
whether the difference 〈w2, r〉− 〈w1, r〉 is positive or negative, respectively. In other
words, the portfolio with a larger expected return will also be better in probability
than the portfolio with smaller expected return.
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In order to prove the above claim, we just need to consider a rotation R of the
canonical basis of RN in which, say, the first element of the new basis goes in the
same direction as the vector ξ, and defining Y = RtX, the probability P (〈ξ,X〉 > 0)
is equal to the probability P (Y1 ≥ 0). Since Y is a centered spherically symmetric
random vector, then its first component Y1 is also a centered spherically symmetric
random variable. Therefore, P (Y1 ≥ 0) = 1/2.
5 Final remarks
The previous sections give evidence of the sort of computations that can be made in
order to compare the performance of two portfolios from a theoretic point of view.
According to our proposed criterion, we can easily see why sometimes the portfolio
with the largest expected return will perform better, as in the case of portfolios on
the efficient boundary or portfolios with elliptical joint distribution. However, when
both portfolios are on the market line, we may have that P (ρa > ρb) > 1/2 even when
E(ρa) ≤ E(ρb).
From a practioner’s point of view, our proposed criterion could be easily applied
by using historical records to estimate P (ρa > ρb). The interpretation of this estimate
is straightforward and easy to communicate to the interested investor.
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